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(ii) Build an FA that accepts the language of all worcls with only a's or only b's in
thern. Give a regular expression fclr this lan-quage.

10.  Consider  a l l  the possib le FAs over  the a lphabet  {a b}  fhat  have exact ly  rwo states.
An FA must have a designated sfart sfate, but there are fbur possible wirys to place
t h e  * ' s :

Each FA neecls fi lur edges (two from cach state). each of which can lead to either o1'the
states. There are 2a - l6 ways to arri inge the labelecl eclges 1or each of the lbur t1,pes ot
FAs. Thereli lre. in total there are 64 ditl 'crent FAs o1' two statcs. However. they clo not
represent 64 nonequivalcnt FAs because they are not all associated with dil l 'erent lan-
guages. All lype I FAs do nol accept any words at ull. whereas all FAs of type Ll accept
a l l  s t r ings of  a 's  and b 's .

( i )  Draw thc renta in inr  FAs of  type 2.
( i i )  Draw thc renta in inc FAs o l ' type 3.

( i i i )  Recalculate thc t t l ta l  nutnber of  two-state rnachincs us ing thc t ransi t ion tablc  c lef in-
i t ion.

l l .  Show that  therc are exact ly  51t32 d i f l 'ercnt  l in i te  uulomi l ta  wi th threc srares. \ ' ,  \ ' , :  over
the a lphabct  {u i  b) ,  whe re. r '  is  a lways thc star t  s tatc .

12.  Suppose a par t icu lar  FA,  c l l led FtN.  has (he property  that  i t  had <ln ly  one l ina l  s tute thut
was t lo t  the star t  s tate .  Dul ' ins the n ight ,  vancla ls  corne arrd swi tch thc *  s ign wi th thc -
sign anil rcverse the clircction o1'all thc eclges.

( i )  Show that  the p ic turc that  resul ts  might  not  actual ly  be an FA at  l l l  by g iv ing an
e-xunrple.

(i i) Suppose, howevcr. that in a particulur case rvhat rcsultecl wi.rs. irr l irct. 1perf'ectly
good FA. Let  us cal l  i t  NIF.  Give an cxt rnplc  of  onc such rnachinc.

( i i i )  What  is  the re lat ior tsh ip between the languagc accepted by FIN and thc language
accepted by NIF as descr ibed in parr  ( i i ) ' /  Why' l

(iv) One <t1'the vandals told rnc that if in FtN the plus state ancl the rninus state werc the
sil lne statc, then the language accepted by thc machine coulcl contrin only rralin-
clromic worcls. Det'eat this vanclal by exarlple.

13. We define a remt>vable state as a state such that if we rrrasL. the state itself and the edses
that conle out of it, w,lrat rcsults is a perf'ectly goocl-looking FA.

(i) Give an example of an FA that contains i i removable statc.
(i i) Show that if we erase :i removable slafc the language clefined by the reclucctl FA is

exactly the sarne as the langui.rge definecl by the olct FA.

14.  ( i )  Bui ld  an FA that  accepts the language o[ 'a l l  s t r ings o l -a 's  and b 's  such that  the
next- to- last  le l ter  rs  an a.

(i i) Build an FA tlrat accepts the language of all strings ol' length 4 or more such that
the next- to- last  le t ter  is  equal  to  the second let ter  of  the input  s t r ing.
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Problems 9l

16. Let the language L be acceptecl by the transition,eraph Iand let L not contain the word
ba.We want to build a new TG that accepts exactly L and the word ba.

(i) One suggestion is to draw an edge frorn to f and label it ba. Show that this does
not always work.

(i i) Another suggestion is to draw a new * state and draw an edge fiorn any state to
it labeled ba. Show that this does not always work.

(i i i) What does work'l

17. Let L be any language. Let us define the transpose ofL to be the language ofexactly
those words that are thc wclrds in L spelled backward. If r l '  eL. then reverse(x') eL. For
example.  i f

L :  lu  u l tb  l t lnub bbbaul

t ranspose(L) :  {a bbu baahb uabbbl

(i) Prove that if there is an FA that accepts L. then thcrc is a TC that accepts the trans-
pose o l 'L .

( i i )  Prove that  i l ' the le is  a TG that  accepts L.  then t l rere is  a TG that  accepts the t rans-
pose of L.
Nolc:lt is true, but rnuch harcler to prove, that if an Fl{ accepts L. thcn some FA ac-
cepts the transpose of L. Howcver, af'terChapterT this wil l be trivial to prove.

( i i i )  Prove that  t ranspose(L,L. )  :  t ranspose(L,) . t ransposc(L,) .

Transition graph f accepts languagc L. Show that if L has a worcl of odd length. then I
has an edgc with a label with an odcl nurnber ol ' letters.

A student walks into a classroorlt and sees on thc blackboard a dilgrirrl of a TG with
two slates that accepts rlnly the word A. Thc stuilent reverses the dircction of exactly
one eclge.  lcav ing a l l  o ther  edges ant l  a l l  labels and a l l  * 's  ancl  's  the sanre.  But  nou,
the new TG accepts thc language a*.  What  was the or ig inal  machinc,)

Lct us now cclnsicler arr algorithm tirr dctcrnrining whether a specitic TCI that has no
A-cdges accepts a givcn worcl:

Step I  Nurnber each edge in the TG in any orc ler  wi th thc in tegers l ,2 ,3,  . ,  . r .
where , r  is  the numbcr o l 'ec lges in  t l re  TC.

Step 2 Observc thll i ' '  the word has v letters ancl is acceptecl at all by this rnachinc, it
can be ircccpted by tracing a path ol'nol nrore than ,v edges.

Step 3 L is t  a l l  s t r ings of  ,y  or  f 'ewer in teger-s.  each of  which <.r .  This  is  a f in i te  l is t .

Step 4 Check each string on the l ist in step 3 by concatcnating the labels of the edges
involved to see whether they rnake a path from a to a * c<lrresponding to the
given word.

Step 5 lf there is a string in step 4 that works, thc word is acceptecl. If none work, the
word is not in thc language of the nrachine.

( i )  Prove that  th is  a lgor i thm does the . job.
( i i )  Why is  i t  necessaly to assumc that  the TG has no A-edges.
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Rules 3 and 4 of Part 3 of Kleene's theorem can also be proven using Theorem 7. but

this we leave for the problems section.

PROBLEMS

l. Using the bypass algorithm in the proof of Theorem 6, Part 2, convert each of the fol-

lowing TGs into regular expressions:

( i )  t t .  l t
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2. In Chapter 5, Problem 10, we began the discussion of all possible FAs with two states.

Write a regular expression for each machine of type 2 and type 3 by using the conversion

algorithm described in the proof of Theorem 6, Part 2. Even though there is no algorithm

fbr recognizing the languages, try to identify as many as possible in the attempt to dis-

cover how many different languages can be accepted by a two-state FA.

For Problcrns 3 throush 12, use the fi l l lowing machines:

rA1 FAz

3. Using the algorithm of Kleene's theorem, Part 3, Rule 2, Proof l. construct FAs lbr the

lb l lowing union languages:

( i )  FAr  +  FA .
(i i) FAt + I 'Al

( i i i )  FA,  + Fi l l

4. Using the algorithm of Kleene's theorem, Part 3, Rule 2. Proof 2, construct NFAs fbr the

tb l lowing languages:

(i) I ' 'At + FA.
( i i )  F, { r  + FAr

( i i i )  FA,  + FAI

5. Using the algorithm of Theorem 6, Part 3, Rule 3, construct FAs fbr the fi l l lowing prod-

uct languages:

( i )  I "At  FA.
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(ii) FAt FA1
(ii i) FAt FAI
( iv)  FA.  FA,
(v) FA, FA.

6. Using the algorithrn of Part 3. Rule 4, construct FAs lbr the tbllowing languages:

( i )  (FAr ) *
( i i )  ( / 'A. )*

7. We are now interested in proving Part 3, Rule 3, of Kleene's theorem by NFAs. The ba-

sic theory is that when we reach any + state in FA,, we ccluld continue to P1 , by tbllow-

ing its a-edge and b-edge, or we could pretend that we have jumped to fA. by fbllowing

the rl-edge and b-edge coming out of the start state on FA,. We do nol changc any states

or edges in either machine; we merely add some new (nondeterministic) edges

fiorn * states in FA, lo the destination states of fA.'s start state. Finally, we erase

the '| 's from fA, and the - sign frorn fA. and we have the desirecl NFA.
Let us i l lustrate this by multiplying ltA, and Fh, above.

Find NFAs firr t lre fir l lowing product languages:

( i )  F-At  FAI
(i i) I. 'At I- 'Al

(i i i) FA. t A.

Takc thc t|rce NFAs in Problcnt 7 above and convert thcnr info FAs by the algorithm of

Thcorenr 7.

We can use NFAs to prove The<lrettr 6, Part 3, Rule 4, as rvcll. The idea is 1o allow a

nondeterministic jump liom any + state to the states reachable frorn the state by 4-

ancl b-eclges.

(i) Provide the details fbr this proof by constructive algorithr.n.
( i i )  Draw the resul tant  NFA fbr  (FAr) 'k .

(i i i) Drlw the resultartt NFA fi lr (E4r)*.
( iv)  Draw the resul tant  NFA fbr  ( f i , ) * .

Convcrr the machines in Problem 9(ii) and (i i i) abovc to FAs by the algorithm in the
proof of Theore-m 7.

Find FAs for the fbllowing languagcs:

( i )  FAJ FAl
( i i )  (FA4)*

12, (i) {s the rrrachine tbr r94, FA, (Problcm 5) the sanre as the rnachine l irr (fA1)* (Prob-

lem 6)'? Are the languages the same'J
(i i) Is the machine ft.,r FA, Fi1., the same as the nrachine tbr (IAr)* (Problenr l l) ' l  Are

the languages the same'l
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